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Abstract
We discuss a possible framework for the construction of a quantum gravity
theory where the principles of QFT and general relativity can coexist harmoni-
cally. Moreover, in order to fix the correct gauge group of the theory we study
the most general one, the affine group and its natural reduction to the orthog-
onal group. The price we pay for simplifying the geometry is the presence of
matter fields associated with the nonmetric degrees of freedom of the original
setup. The result is independent of the starting theory.
1 Introduction
The description of gravity as a gauge theory based on the Lorentz group [1, 2] puts
gravity at the same level as the other fundamental interactions. As extra features
of the gauge approach we can point out the fact that spinors can minimally couple
to gravity through torsion and there is no need to linearize the fields to define a lo-
cal gauge symmetry. However, the standard Einstein-Hilbert action shows itself to
be not renormalizable even in this approach. To face the renormalizability problem
there were proposed several alternatives by extending the Einstein-Hilbert action to
more general ones [3, 4, 5]. However, their quantum consistency still lacks, giving
space to alternatives beyond the action level. One of them is to consider more gen-
eral groups for the gauge symmetry that also allows the identification of the gauge
space with the spacetime cotangent bundle, in particular we recall the so called
metric-affine gravities [6, 7], based on the affine gauge group A(d,R). This class
of theories also requires generalized actions to account the quantum divergences
and extra degrees of freedom. The present article is in fact devoted to the study
∗Work presented by R. F. S. at Recent Developments in Gravity (NEB-14) June 8-11, Ioannina 2010,
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of some geometrical properties of this class of theories and the development of a
possible scenario for its quantization.
Gravity as geometry, where spacetime encodes the dynamical variables, is in
fact incompatible with quantum field theory which considers coordinates as pa-
rameters. To avoid this ambiguity we start by improving the ideas developed in
[8, 9, 10] in which gauge symmetry and spacetime are considered as independent
from each other. This means that the gauge space is not identified with the cotan-
gent bundle from the beginning. In fact, all quantum fields considered cannot be
identified with gravity fields unless a dynamical mass parameter emerges in the
theory. This property is ensured by considering fields that are of dimension 1 and
thus cannot be identified with vierbeins nor premetrics. Once the mass parameters
emerge, a rescaling is performed and those fields can be identified with geomet-
ric quantities of spacetime. Moreover, since at quantum level there is no relation
between gauge space and spacetime, the spacetime is assumed to be Euclidean
(a scenario that allows explicit computations for a QFT). This idea is indeed self
consistent and can be applied to several gauge groups. In particular, the present
work study the case of the affine group. However, due to the non-semisimplicity of
the translational annex we are not able to write down an explicit action and thus
we restrict ourselves to classical consequences of the model. On the other hand,
we consider a general framework for the affine gauge theory that generates results
that are independent of the specific dynamical equations. In fact, they depend
exclusively on the topological features of a gauge theory and their description in
terms of fibre bundles [11, 12, 13, 14, 15, 16, 17].
By considering the framework developed in [10] we are able to construct an
affine gauge theory in a 4-dimensional spacetime in which the classical sector of
the theory is a Riemann-Cartan geometrical gravity with extra matter fields. The
path from a massless quantum gauge theory to a geometrical gravity is assumed
to be mediated by mass parameters such as the Gribov parameter, always present
in non-Abelian gauge theories with nontrivial topological sectors [12, 18, 19]. This
main result is independent of the starting dynamics of the model, i.e., it is valid for
any affine gauge theory.
This work is organized as follows: In Section 2 we provide the fundamental ideas
concerning the proposed quantum gravity model. At the same Section we also
construct the gauge theory for an affine group and show how it is related to the
standard metric-affine gravities [6, 7]. In Section 3 we show how the theory can
in fact be contracted down to an orthogonal gauge theory with extra matter fields.
Finally in Section 4 we display our conclusions.
2 Quantum gravity as an Euclidean gauge theory
A consistent gauge theory for gravity should encode both quantum and classical
sectors. The classical regime is more or less well understood: It is a field theory
whose dynamics determines the geometry of spacetime; the dynamical fields are
the metric tensor and spacetime connection. To describe the quantum sector we
propose that quantum gravity is a gauge theory in flat space, just like all other
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fundamental interactions. Thus, at high energies the quantum sector dominates
and the model is a standard QFT with specific non-Abelian gauge symmetry em-
bedded in flat space. Moreover, we introduce matter fields with dimension 1 which
are translation algebra-valued∗†. The existence of a mass scale ensures the pos-
sibility of mapping the matter fields into coframes and then identify the effective
dynamical variables with geometry and thus to relate the model with gravity. Let us
discuss the present proposition. To do so we enunciate the postulates of the model
and their consequences.
• Flat spacetime: The spacetime of the fundamental theory, i.e., at very high
energies, is a four dimensional Euclidean space R4. This is the simplest choice
to be made, so we made it. In fact, Euclidean spacetime is the proper sce-
nario to make explicit computations in a QFT. Further, nonperturbative effects
require Euclidean spacetime since Wick‘s theorem is not known to be valid
outside perturbation theory.
• Gauge symmetry: The quantum sector is described by a gauge theory with
symmetry group denoted by G. At quantum level the gauge symmetry is
totally independent of spacetime symmetries. Moreover, G is required to enjoy
any morphism with spacetime in the sense that some topological invariants of
the spacetime Euclidean structure should coincide with those of the gauge
group. This last requirement is necessary to identify the gauge symmetry
with the spacetime structure. Furthermore, we also require that G encodes as
subgroup the group of translations R4
g
or at least that is related to it by forming
a larger group. The index g establishes that the space is the gauge space and
is not related with spacetime.
• Matter: Massless matter fields algebra-valued in R4
g
carrying dimension 1 are
introduced. Those fields are required depending on the gauge group to be
considered in order to avoid the intricacies that might emerge from groups
that span non-flat gauge spaces.
• Mass scales and geometry: A mass scale m should emerge dynamically
from the quantum theory. A mass scale is necessary in order to scale the
UV and IR regimes. Once the energy decreases the mass scale dominates
and throw the theory to a different behavior from the one at the UV scale. At
this level, one can perform the rescaling of the matter fields and map them
into a spacetime vierbein e field and premetric gb. Moreover, the gauge
field should also be identified with the connection of a spacetime bundle (for
instance the coframe bundle). Thus, the dynamics of the quantum theory are
now dictating the spacetime structure at classical level. A metric tensor can
then be defined
gμν = gbe

μ
eb
ν
. (1)
∗By algebra-valued we mean that the quantity takes values in the algebra of the group, in this
case the group of translations, i.e., the quantity is expanded into the generators of the group. As a
consequence its components will carry the corresponding group index.
†This requirement restricts the possible gauge groups to be considered.
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We remark that the most suitable candidate for the mass parameter is the so
called Gribov parameter [18, 19, 20] associated with the improvement of the
quantization of non-Abelian gauge theories.
The present program provides a self consistent way to define a quantum gravity
theory in four dimensions. However, the formalization of the model is necessary in
order to make explicit computations and predictions. The first step is to select the
most suitable gauge group of the model. It turns out that the most general gauge
group that can be fully mapped into a 4-dimensional spacetime is the 20 parameter
affine group A(4,R). The study of some properties of the respective gauge theory
is the task of the rest of this work.
2.1 Algebraic structure of the affine group
The affine group is defined as A(d,R) ∼= GL(d,R) ⋉ Rd where GL(d,R) is the gen-
eral linear group of d × d invertible real matrices and Rd stands for the group of
translations. Generically, we have for the Lie algebra decomposition
[g, g] ⊆ g , [r, r] ⊆ ∅ , [r, g] ⊆ r , (2)
where g is the algebra of the GL(d,R) and r the algebra of the Rd translations. We
remark that the affine group is not a semi-simple group due to the translational
sector. Further, the algebra decomposition (2), implies that the coset space Rd ∼=
A(d,R)/GL(d,R) is a symmetric space and GL(d,R) is a noncompact stability group
of A(d,R).
The general linear group can also be decomposed as GL(d,R) ∼= K(d) ⊗ O(d)
where K(d) is the space defined from the symmetric part of the algebra of the
general linear group. Formally, K(d) is the coset space K(d) ∼= GL(d,R)/O(d) and,
differently from Rd, it does not form a group. The orthogonal group O(d) is a max-
imal compact subgroup of the affine group as well as for the general linear group.
The algebra decomposition can be described through
[o, o] ⊆ o , [k, k] ⊆ o , [k, o] ⊆ k , (3)
where o stands for the algebra of the orthogonal O(d) group and k for the algebra
of the coset space K(d). From (3) one can infer that K(d) forms a symmetric space.
The elements of the affine group are here represented by exponentials accord-
ing to U = eζ() = eα

b
()Tb

+ξ()P where we are considering the algebraic nota-
tion of the adjoint representation of the affine group. In fact, in this article, we
are exclusively working in the adjoint representation. Thus, small Latin indices
are vector indices of the d-dimensional differential manifold defined by the affine
group,  ∈ {1,2, . . . , d}. The parameter ζ is a A(d,R) algebra-valued quantity
ζ = ζASA where SA represents the group generators in adjoint representation with
A ∈ {1,2, . . . , d(d + 1)}. At the same level, α
b
and ξ are algebra-valued param-
eters associated with the group element U ∈ GL(d,R) and  ∈ Rd, respectively,
while Tb

and P the respective generators. Further, it is a general property of Lie
groups that the element U can always be decomposed as U = U. Furthermore,
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under decomposition (3) the elements U can be splitted according to U = LC, with
L = eh

b
()b
 ∈ O(d) and C = eb

b
()λb
 ∈ K(d), where the notation speaks for itself.
2.2 Affine gauge theory in Euclidean spacetime
Following the construction of [10, 13, 16, 17, 21, 22] a gauge connection for the
affine group, under the context of the previous section, arises from the principal
bundle A(4,R) ≡ {Ar(4,R),R
4} where the index r stands for the rigid group and R4
the 4-dimensional Euclidean spacetime. The spacetime is then the base space while
the affine group is the fiber as well as the structure group. A principal bundle of this
form defines at each spacetime point a copy of the group, providing then a local
character for the gauge group, i.e., the principal bundle is indeed the local affine
group. In this bundle a gauge connection Y = ω + E emerges, where ω = ω
b
T b

is the general linear connection and E = EP the translational one. A translation
in the principal bundle A(4,R), when restricted to a single fibre ( ∈ Rd is fixed),
defines a gauge transformation
Y 7−→ U−1 (d+ Y)U , (4)
where d is the space-time exterior derivative. At infinitesimal level the transforma-
tion (4) reduces to Y 7−→ Y+∇ζ where the covariant derivative is defined as ∇ = d+Y
as long as we are considering the adjoint representation. Also at infinitesimal level
the transformation (4) decomposes as ω 7−→ ω+Dα and E 7−→ E +Dξ+ Eα, where
the covariant derivative D is taken only with respect to the GL(d,R) connection
D = d+ω.
From the definition of the covariant derivative one can easily compute the field
strength two-form ∇2 = Θ = Ω
b
Tb

+P where Ω

b
is the GL(d,R) curvature while
 the translational one,
Ω
b
= dω
b
−ω
c
ωc
b
,
 = dE −ω
b
Eb = ∇E = DE . (5)
In despite of the fact that the field strength Θ is a covariant quantity under affine
gauge transformations its components are not. In fact, at infinitesimal level it de-
composes as Ω 7−→ Ω+Ωα and  7−→ + α +Ωξ.
The bundle A(4,R) is very useful to define the correct gauge fields and their
respective field strengths. However, as discussed in [10], it is a static bundle. To
construct a dynamical theory one should migrate to an infinite dimensional principal
bundle with the local gauge group A(4,R) as fiber and the space of all independent
gauge connections Y as base space [10, 14, 15, 16, 17]. By gauge independent
connections we mean those that are not related to each other by a gauge transfor-
mation. Thus this principal bundle is denoted by A ≡ {A(4,R),Y}. A typical fiber is
the so called gauge orbit
YU = U−1 (d+ Y)U
 Y ∈ Y . (6)
A problem to be faced is the fact that the gauge space spanned by the local
group A(4,R) is not flat. Thus, extra degrees of freedom have to be considered in
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the theory. Those are represented by the matter fields σ = σP and g = g
bPPb.
The fields σ is a 1-form and possesses components with dimension 1. The field gb
also carries dimension 1 whereas it is a 0-form field double algebra-valued‡ in R4
g
.
Being matter fields both transform covariantly under gauge transformations. See
[10] for extra details.
The affine gauge theory here considered is then constructed with gauge fields
(ω,E), matter fields (σ, g) and no mass parameters. A consistent simple gauge
invariant action should then be considered through the gauge covariant quantities
Θ, T and Q where the last two are the minimal couplings of the matter fields with
the gauge fields
T = ∇σ = Dσ = dσ −ω
b
σb ,
Qb = ∇gb = Dgb = dgb −ω
c
gcb −ωb
c
gc . (7)
It is worth mention that, in the presence of mass parameters, a relation between
 and T can be enforced if an identification between σ and E is assumed. How-
ever, such association requires the introduction of an auxiliary field φ in order to
adjust the gauge field transformations between E and σ, see [7, 21, 10]. Anyhow,
the affine group has a non-semisimple annex, the R4
g
, that is characterized by the
fact that there is no invariant Killing metric and thus disables a simple construc-
tion of a gauge invariant action [23]. Nevertheless, general linear algebra-valued
quantities are allowed and can be used to define a theory on this sector (The most
correct option is indeed to start from a GL(4,R) gauge theory instead). We shall
then skip the construction of an action and assume that an alternative method is
successfully employed and study the consequences for the classical sector. Two
remarks are in order: First that even in an affine gauge theory there are gauge
invariant quantities and to construct them one should use a dual representation
[10] avoiding then the use of the metric tensor of the gauge space spanned by
the affine group. In here, those degrees are represented by σ and g and are not
directly related with the geometry of any space as long as their components are
carrying dimension 1. Second, the affine group has a compact subgroup and thus
the respective gauge theory is plagued by Gribov ambiguities [12, 18, 19] implying
that a mass parameter emerges in an improved quantization of the model, namely
m. Notwithstanding, many other mass parameters might emerge as long as we
consider non-Abelian gauge theories.
2.3 Rescales and metric-affine gravity
The idea behind a gravity gauge theory is that, after still unknown dynamical ef-
fects, the gauge space is identified space-time [4, 5, 7] and gravity as a geometric
dynamical theory emerges. Considering, for instance, the Gribov parameter, one
can rescale the fields σ and g together with the corresponding identification with
‡By doble algebra-valued we mean that this quantity will carry two indices associated with the
translation group. It is then expanded twice on the group generators.
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vierbein and premetric of the cotangent spacetime bundle:
〈σ〉 = me ,
〈gb〉 = mgb , (8)
and similar relations for the dual variables [10]. As a consequence, expression (1)
is fulfilled and a geometric theory emerges, being associated with a gravity the-
ory. The rescaling and identifications (8) actually identify the gauge space with
the cotangent spacetime bundle and thus say that the dynamics of the gauge the-
ory dictates the geometry of the spacetime. In fact, the geometry that rises is
the metric-affine geometry [6, 7] with no symmetry breaking to the general linear
group. To see this one can simply take a quick look at the field strengths and min-
imal couplings through the map (8). The field strength Ω is then mapped into the
curvature while  is the translational curvature. Also, we have
T 7−→mC ,
Q 7−→mN , (9)
where C is the Cartan Torsion 2-form and N is the 1-form nonmetricity.
3 Bundle contractions, Riemman-Cartan gravity and ex-
tra matter
An alternative path is to consider the topological properties of the bundles A(4,R)
and A. In fact, as discussed in detail in [10], the affine group has two contractible
pieces R4
g
and K(4) that can be reduced to define simpler and smaller principal
bundles.
3.1 Static bundle
The contractible sectors R4
g
and K(4) are both symmetric coset spaces, acording
to (2) and (3). As a consequence the A(4,R) bundle can be contracted down to
a smaller bundle [10, 11, 24]. Further, the connection on the reduced bundle is
defined by the stability sector of the full connection [10, 11, 24]. In fact, the bundle
contractions for the affine local group obey the following hierarchy
A(4,R)→ GL(4,R)→ O(4) (10)
i.e., the affine gauge theory naturally reduces to the orthogonal one. The major
consequence comes from the static nature of this bundle, the connection Y is also
reduced to an orthogonal connection  implying that all nonorthogonal degrees of
freedom decouples from the bundle. As discussed in [10, 24] this result implies
that every connection on A(d,R) imposes a connection on O(d). Now, if the bundle
A(4,R) is identified with the coframe bundle then the resulting spacetime geometry
is the Rieman-Cartan one [10, 24].
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3.2 Dynamical bundle
The contraction (10) induces a contraction of the dynamical bundle A. However,
in that case there are two main differences: The fact that we consider all possi-
ble gauge configurations implies that the full affine connection cannot be simply
reduced to the orthogonal one. To see this one should look at the gauge orbit (6)
which is also the fiber of the bundle. It means that the connection Y is indeed part
of the fundamental structure of the principal bundle and thus cannot simply decou-
ple from it. The induced contraction on A can be performed by first contracting
down the structure group A(d,R) and then, by taking into account that all gauge
connections and their equivalents were brought into the structure of the bundle
A before the contraction and then analyze the respective effect on a typical fibre
(6). Second, as we shall see soon, the fact that the subgroup R4
g
is contractible will
induce a matter character to E that can be directly identified with the vierbein e.
Thus, there is no need to introduce the matter field σ at all. This second statement
is important because simplifies the original setting of fields§ to Y = (ω,E) and g.
This present approach slightly differs from the original developed in [10].
To perform the contraction we decompose the full affine connection according
to Y =  + q + E where q is the K(d) sector of the connection, i.e.,  = ω
b
b

and q = ω
b
λb

. Let us take then a generic fibre (6) and contract the group space
according to U −→ L. Thanks to the symmetric nature of the coset spaces Rd and
K(d), the resulting decomposition is
L = L−1(d+)L ,
qL = L−1qL ,
EL = L−1E , (11)
i.e., there are no mixing between the coset sectors and the orthogonal one. More-
over, for the matter sector, the contraction implies in gL = L−1g

L−1
T
. Thus, the
non-orthogonal sector of Y abandon the geometric sector to migrate to the matter
sector. Consequently, the metric-affine dynamical geometry described by A con-
tracts down to a Riemann-Cartan one while the non-orthogonal components of the
original connection are thrown into the matter sector. This effect is described by
the contraction
A −→ O⊕ E ⊕Q , (12)
where O ≡ {O(4),L} is the dynamical principal bundle for an orthogonal theory. The
space L ⊂ W is the space of all independent orthogonal connections and Q = W/L
is the space of the K(4) connections. As an immediate consequence we can safely
say that If one starts with a dynamical metric-affine gauge theory of gravity it can
end up in a Riemann-Cartan theory with two extra matter fields [10]. In fact, the
field strength decomposition yields
Ω
b
= R
b
+ V
b
,
 = DE − q
b
Eb , (13)
§We remark that this procedure is equivalent to assume the identification of A with a metric-affine
gravity in which the contraction is performed afterwards. In this case E and e are identified by extra
relations.
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with R
b
= d
b
−
c
c
b
and V
b
= Dq
b
−q
c
qc
b
where D = D() is the orthogonal
covariant derivative. Obviously, R is the orthogonal field strength while V is the
orthogonal minimal coupling of q with a nonlinear mater interaction term. The
same interpretation follows for E and its coupling . For the minimal coupling of g
it is achieved
Qb = Dgb − q
c
gcb − qb
c
gc , (14)
3.3 Rescales and Riemann-Cartan gravity
To perform an identification with an induced geometry of spacetime we perform the
mapping between E and the vierbein together with g and the premetric. To do so
we have to keep in mind that the group space is now flat with a deformed rigid
dynamical premetric. Thus
〈E〉 = me ,
〈gb〉 = mδb + γb , (15)
where, again, m is the Gribov parameter associated with the nontriviality of the
orthogonal sector of the A and γb corresponds to the post-Riemannian sector of the
original metric tensor of metric-affine gravity. Thus, δb will work as the flat metric
of cotangent space while γb will be a generic covariant matter field, symmetric in
the group indices. In fact, from the transformation of g under the affine group we
obtain through contraction δ 7−→ δ and γ 7−→ L−1γ

L−1
T
. The identification is then
performed as
gμν = δbe
 ⊗ eb ,
gμν = δbe ⊗ eb , (16)
ensuring the Riemannian character of the spacetime. The effect of this identifica-
tion into the R4
g
curvature is that  =m(C − q
b
eb) while for the minimal coupling
Q it reduces to Qb = Dγb−2mqb−q
c
γcb−qb
c
γc. Obviously,  is related to the
Cartan torsion and a matter piece while Q is a pure matter sector.
4 Conclusions
In this work we have proposed a suitable scenario for the construction of a quantum
theory of gravity by stating the independence between the internal gauge space
and the cotangent bundle of spacetime. In particular we considered the affine
gauge group A(4,R) and the starting spacetime as an Euclidean 4-dimensional one.
This independence is ensured by considering the premetric as a genuine dimension
1 matter field interacting with the affine gauge connection. Although we have not
provided a specific consistent quantum theory, we have studied some geometrical
properties of the formalism. An important point is that the present framework allow
for the compatibility of the principles of general relativity and those of quantum
physics by assuming that both sectors shall not overlap, i.e., a consistent quan-
tum model should be able to maintain the gauge internal space independent of
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the spacetime. Thus, dynamical effects associated to mass parameters, such as
the Gribov parameter, are supposed to generate the identification between the
cotangent space and gauge space. The theory is then automatically thrown in a
geometric classical sector. We recall that this idea was already discussed in [8]
under the Palatini formalism and in [10] already in the affine gauge model.
The main result of this article is the reduction of the metric-affine geometry
to the Riemann-Cartan one. By considering the correct fibre bundle description
of a gauge theory for the affine group, we have consistently contracted it to the
orthogonal bundle. Thus, by decomposing the relevant fields into their orthogonal
sector and the rest it is shown that we achieve a gauge theory for the orthogonal
gauge group and extra matter fields. In fact, we have started with a theory with
a gauge field Y and a matter field g and ended up in an orthogonal gauge theory
with orthogonal spin-connection , a vierbein field e and matter fields γ and q
associated with the original nonmetric degrees of a metric-affine gravity. We remark
that, differently from [10], we have improved the formalization of the ideas of the
quantum sector by reducing the number of starting fields as well as defining those
fields as dimension 1 matter fields, which ensures the impossibility of geometric
identification unless a mass parameter emerges.
In summary, in this work we provide a few ideas that goes on the direction of
a possible quantum framework for a gauge theory of gravity as well as the formal
analysis for the reduction of metric-affine geometry to the Riemann-Cartan one, in-
dependently of the starting field equations, resulting on the migration of the original
nonmetric degrees to the matter set of fields.
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